Abstract. Loop oscillations have been abundantly reported in recent years. Earlier analytical studies of loop oscillations consider freely propagating waves, allowing for line-tying by a quantization of the wavenumber. Here we consider the rich spectrum of fast MHD modes (both standing and leaky) in coronal loops, allowing for line-tying and performing some comparisons with observational data. We point out that in a straight and homogeneous cylindrical flux tube there should be observational signatures of the excitation of higher order harmonics. Our results indicate that these modes become leaky with the addition of the chromospheric structure at the base of the loop. Leakage can be quite efficient in damping the oscillations for many of these high frequency (compared to fundamental) modes.
Introduction
It is clear from X-rays observations that the solar corona is structured in regions with open magnetic fields, or coronal holes, and regions with closed magnetic field (with both endpoints of magnetic field lines anchored in the photosphere), with small-scale energetic features (X-ray bright points) scattered over all the Sun's surface. Closed regions are in fact composed of myriads of coronal loops, with a wide range of densities and temperatures. Coronal loop oscillations have been widely reported, specially using data from the Transition Region and Coronal Explorer (TRACE) and the SUMER instrument of the Solar and Heliospheric Observatory (SOHO) . Specifically, there is evidence of standing oscillations in coronal loops (Aschwanden et al. 1999 Nakariakov et al. 1999; Schrijver & Brown 2000; Schrijver et al. 2002; Ofman & Wang 2002; Wang et al. 2002 Wang et al. , 2003a . These loop oscillations have recently been reviewed by Aschwanden (2002) and Roberts (2000 Roberts ( , 2002 .
Coronal loops are mainly modelled as magnetic flux tubes, perhaps with twist. However, to study their oscillatory properties the models tend to be quite simple, with the aim of studying the most relevant and generic features first and then adding other effects. The most simple model, the one used in this paper, is a cylindrical flux tube in isothermal equilibrium, without gravity, curvature, radiation or extra terms of heating. This leads to a profile with constant pressure along the tube Appendix A is only available in electronic form at http://www.edpsciences.org (see, for example, Priest et al. 2000 , for a discussion of different equilibrium profiles).
Here we consider the effect of adding a photospheric linetying boundary condition: the photospheric plasma is so dense that perturbations generated in the corona must vanish on the boundary. Our analysis is an extension of the basic case of an infinite homogeneous flux tube (Edwin & Roberts 1983 ). There are many other effects that can shift the frequency or change the oscillatory properties, although they are usually studied under other simplifying assumptions or with numerical methods: curvature (Smith et al. 1997) , a twist in the equilibrium magnetic field (Bennett et al. 1999; Sakai et al. 2000) , stratification in a slender flux tube (Hollweg & Roberts 1981) , flows in an infinite flux tube (Nakariakov & Roberts 1995; Somasundaram et al. 1999; Homem et al. 2003) , non-ideal MHD effects such as resonant absorption (Steinolfson & Davila 1993; Ofman et al. , 1995 Ruderman & Roberts 2002; Goossens et al. 2002) or phase mixing (Heyvaerts & Priest 1983) , non-stationary response to prescribed perturbations (Goedbloed 1983; Poedts & Goossens 1991) . In fact, a full theory of coronal loop oscillations should take into account all of these features, but for the sake of simplicity they are neglected here.
It is of interest to investigate a more simple model, because the modes of an infinite flux tube have proved useful in explaining many observations (e.g., Roberts et al. 1984; Nakariakov et al. 1999; Nakariakov & Ofman 2001) or as a starting point for the inclusion of other effects (e.g., Ruderman & Roberts 2002; Goossens et al. 2002) . The effect of a chromospheric layer on the Alfvén modes was studied in one dimension by Fig. 1 . Sketch of the equilibrium configuration of a homogeneous flux tube, in which the shaded grey zone represents the cold and dense plasma of the loop. The density inside the loop is ρ l and in the coronal environment ρ c , while the tube footpoints are located in the photosphere (and subject to line-tying) at the positions z = ±L, so its length is 2L. The magnetic field is uniform and parallel to the z-axis, and the whole configuration is invariant in the azimuthal direction. Hollweg (1984 ), De Pontieu et al. (2001 and Ofman (2002) , focusing on the calculation of the reflection and transmission coefficients and the damping due to non-ideal effects. Here we use ideal MHD and consider the effects produced by the addition of line-tying and the inclusion of a chromospheric layer on the fast modes of oscillation of a cylindrical flux tube. In this case, the only possibility for damping is leakage to the coronal medium, such as was studied in Cally (2003) for and unbounded homogeneous flux tube. This paper is organized as follows. In Sect. 2 the dispersion relations for cylindrical geometry are presented and the special case of a thin flux tube is studied. In Sect. 3 the non-leaky spectrum is presented, while in Sect. 4 the leaky modes are considered and some estimates of the results for realistic parameters are computed. In Sect. 5, the effect of adding a chromosphere at the base of the loop is studied. Finally in Sect. 6 our conclusions are presented. In the appendix, we study the line-tied fast modes in a Cartesian slab, which provides a useful comparison with the results for cylindrical geometry.
Dispersion relations for line-tied cylindrical homogeneous flux tubes

Equilibrium model and basic equations
The equilibrium configuration consists of a single homogeneous straight flux tube of length 2L embedded in a magnetic environment (Fig. 1) . The magnetic field is uniform and parallel to the z-axis (B 0 = B 0ẑ ) and the plasma density inside the loop is ρ l , while it is ρ c in the surrounding coronal medium. The radius of the tube is b. Notice that in this simple model the temperature and pressure are assumed to be uniform (for a more detailed discussion about the equilibrium profile of coronal loops see Priest et al. 2000; and Testa et al. 2002) .
In the study of the oscillations of the present structure we restrict ourselves to perturbations in a zero-beta plasma, in which the slow mode is absent (v z = 0). The following partial differential equations are derived for the total pressure perturbation and the remaining velocity components (Roberts 1991; Díaz et al. 2002) ,
where the symbol ⊥ stands for the components perpendicular to B 0 . Notice that p T = 0 satisfies Eq. (1); this solution corresponds to Alfvén modes. Solutions with p T 0 are obtained from Eqs. (1) and (2); these solutions are the fast modes.
Analytical solution
Since we are looking for stationary states, the time component is Fourier-analyzed in the form e −iωt , and our aim is to calculate the set of allowed frequencies for the model. We use cylindrical geometry, since it seems more suitable to model coronal loops, although some expressions are also derived for a plasma slab modelled by a Cartesian coordinate system (see the appendix). The standard method for solving this kind of problem in a bounded region is separation of variables of the form
Now, if there is no equilibrium inhomogeneity, from Eq. (4) it immediately follows that the z-dependent part of p T is in the form of trigonometric functions, namely
The wavenumber κ is defined as
It is necessary to write the perturbed velocity components in terms of the perturbed pressure by using Eq. (2),
The photospheric line-tying boundary condition that u ⊥ = 0 on the surfaces z = ±L leads, from Eq. (9), to the condition
which results in the quantization of κ in the form
for even or odd modes about z = 0 when the number n is even or odd, respectively. Consequently, the κ and λ in Eq. (8) should be labelled by the integer n = 0, 1, 2, . . ., although we omit this for the sake of clarity. The normalization constant D in Eq. (7) is then chosen to fulfil the orthonormality of the functions h(z),
It is important to remark that Eq. (4) together with the linetying condition leads to a Stürm-Liouville problem, so the solutions found are a complete basis, and therefore any arbitrary solution of Eq. (1) can be expressed as a sum of these functions.
It is also necessary to use "jump" conditions to connect the solution in the interior and the exterior regions. On a boundary on which n · B = 0 is satisfied, where n is the vector normal to the boundary, these conditions are (Goedbloed 1983) 
Next, we deal with the radial part of the solution, for which it is more convenient to work with λ * = iλ in Eqs. (4) and (6). Equation (6) is the modified Bessel differential equation, so its general solution can be written as a combination of Bessel functions. In the coronal region, hereafter labelled (c), the suitable solution is a Hankel function of first kind because of the exponential decay for long values of the argument, while in the loop region, labelled (l), it must be a Bessel function J m to satisfy the requirement of regularity at the loop axis. Then,
Now, from Eq. (9) the spatial dependence of v r is given by
where the dash denotes the derivative of a function with respect to its argument. Here it should be remarked that the product
0 /µ has the same value in all the regions. Imposing the boundary conditions Eq. (13) on the surface r = b leads to the dispersion relation
This is a particular form of other well-known dispersion relations (Edwin & Roberts 1983; Cally 1986; Karami et al. 2002) .
Notice that in the dispersion relation (and also in Eqs. (A.3) and (A.4) for a slab, discussed in the appendix) the external wavenumber λ (c) can be real or imaginary, thus we are not restricted to trapped modes. Also notice that a so called surface mode is obtained if λ (l) is real, and a body mode if
is purely imaginary. However, in the infinite homogeneous tube there are no trapped surface modes for a low-beta plasma.
In the following discussion, magnitudes will be nondimensionalized against L, the half-length of the magnetic flux tube, and c Ac , the Alfvén speed in the coronal environment.
Trapped modes in the b/L → 0 limit
This special case is interesting mainly because in the solar atmosphere structures tend to be thin in comparison with the length of the supporting magnetic field lines. It is similar to the limit κa → 0 in Edwin & Roberts (1983) , taking into account that L ∼ 1/κ.
For trapped modes it is necessary that λ * be a purely imaginary number, so the external solution can be expressed in terms of the modified Bessel function K m , and under this condition the dispersion relation, Eq. (16), can be rewritten as (Edwin & Roberts 1983) 
Notice that, since λ (c) and λ (l) remain finite in the limit b/L → 0, the arguments of the Bessel functions in this expression also tend to zero in this limit.
Now it is necessary to invoke series expansions for the Bessel functions and their derivatives for |z| 1 (Abramowitz & Stegun 1967) . There are two possibilities, m = 0 and m 0.
and there is no possibility of balancing the two terms in Eq. (17), so no sausage (m = 0) solution exists in the thin tube limit. If m 0, then Eq. (17) can be written (after some algebra) as
which leads to
Here c k denotes the kink speed, an intermediate speed between the lower Alfvén speed of the tube and the higher one of the surrounding coronal medium,
The equalities in this expression come from our assumption of equal magnetic field inside and outside the tube. It is worth noticing that the kink (m = 1) and all the fluting (m ≥ 2) modes tend to the same value of the frequency in the limit b/L → 0. From this development an important difference between the kink mode in a slab and a tube becomes evident: for a thin slab λ (c) → 0 (from Eq. (A.6)), but in a tube with b/L → 0 Eqs. (8) and (19) give
so that λ (c) is different from 0. The immediate consequence of this different behaviour is that in a slab the perturbation reaches long distances from the slab axis (see the appendix), while in a cylinder it remains confined for arbitrarily small values of the radius. For thick structures the results of cylindrical loops and Cartesian slabs are in a good agreement (e.g., Díaz et al. 2002) , with only minor shifts in frequency but similar spatial structure along and across the magnetic field.
Trapped modes of line-tied coronal tubes
The next step is to study the solutions of Eq. (16), focusing on the set of frequencies of trapped modes. It is important to remark that λ (c) has to be real to have trapped modes, requiring
Therefore, there is a cut-off frequency, ω cut , for each value of κ,
In Fig. 2 the variation of the mode frequencies with the tube radius is plotted for a high density flux tube, while in Fig. 3 a density ratio typical of coronal loops has been selected. In the less dense tube there are fewer trapped modes, but otherwise the structure of the dispersion diagrams is quite similar. Each mode can be labelled by three numbers: n for the z-wavenumber in Eq. (11), related to the number of extrema in the z-direction; m for the azimuthal wavenumber in Eq. (5) and in the Bessel functions in Eq. (14), representing the sausage (m = 0), kink (m = 1) and fluting (m ≥ 2) modes; and another one (say l) for the number of extrema in the r-direction. Each family of modes having the same value of n have a cut-off frequency given by Eq. (23), which modes belonging to other families can cross. In fact, Figs. 2 and 3 are just the low-beta limit (c s → 0) of Fig. 4 in Edwin & Roberts (1983) , although in that figure the fluting modes are not depicted. However, it should be taken into account that their plot is drawn using the dependent variable ω/κ, while in Figs. 2 and 3 ωL/c Ac is used, so each family of modes has a different vertical (and also horizontal) scale.
Finally, in the thin tube limit, it is easy to check that Eq. (19) (valid for b/L → 0) is satisfied, so for each family of modes with the same n the sausage mode (m = 0) is no longer trapped and its frequency is above the cut-off, while the kink and all fluting modes tend to (n + 1) π/2 c k /c Ac = 0.157 (n + 1) for ρ l /ρ c = 200 and 0.670 (n + 1) for ρ l /ρ c = 10, in agreement with Figs. 2 and 3, respectively.
Leaky modes of line-tied coronal tubes
Following our study of the solutions of trapped modes, we next deal with the more general case of leaky modes, allowing the frequency to become complex. We use the notation Re{ω} = ω r , Im{ω} = ω i , Re{λ 
i to denote the real and imaginary parts of ω and λ (c) . The starting point is that all solutions of the dispersion relation, Eq. (16), satisfy either
or
Therefore, we proceed to study the properties of these two types of solutions. The temporal dependence can be written in the following way with a damping time, τ, defined as
The next step is to take into account the spatial dependence for large values of r. It is convenient to use the expansion of the Hankel function for large arguments, namely H
m (z) ∼ e −iz , |z| 1 (Abramowitz & Stegun 1967) . Thus,
when r → ∞. Now it is evident that solutions satisfying Eq. (24) correspond to waves propagating away from the density enhancement and exponentially decaying with time, but growing exponentially for large r. On the other hand, the solutions satisfying Eq. (25) correspond to waves decaying exponentially for large r, but propagating inwards and, even worse, exponentially increasing with time. Hence, these solutions are discarded. Selecting a time dependence of the form e iωt , the other sign for λ (c) in Eq. (8) or the Hankel function of second order H (2) m (z) do not lead to any different solutions from the ones described here. Also, the addition of both functional dependences in the coronal region instead of only one in Eq. (14) would lead to a scattering problem, which is beyond the scope of this work.
The appearance of a solution that grows exponentially away from the cylinder was already noticed in Cally (1986 Cally ( , 2003 and Stenuit et al. (1998) . The interpretation of this fact is that the larger the distance from the tube, the earlier the perturbation departed from the tube and, because of the exponential growth of Eq. (28) for reversed time, the bigger the amplitude at that moment in the density enhancement. This is an unphysical solution, since it is unbounded and not square integrable, but we are looking for stationary states, and a leaky wave can only be stationary with this behaviour; hence for more appropriate modeling to this problem the full temporal dependence should be used instead of a Fourier decomposition. Spatial plots of p T (r) are shown in Fig. 4 for a parameter set typical of coronal loops; it is clear that functions grow exponentially far away from the tube. It is interesting to remark that near the tube there is a region where the amplitude decreases and so the solution seems to be exponentially decreasing, but for larger r it diverges. Now the leaky modes of a cylindrical flux tube, which were discussed admirably by Cally (1986) without line-tying boundary conditions, can be studied from the dispersion relations of Eq. (16). The resulting plots of the remaining fast modes are shown in Fig. 5 for the n = 0 sausage, kink and first fluting modes; note that the trapped modes with n = 0 of Fig. 3 (solid lines there) are shown alongside their respective leaky modes. It is clear that when the frequency of a trapped mode surpasses the corresponding cut-off, the mode becomes leaky, but otherwise its properties are not changed (for example, the number of extrema of p T in the tube). Now we consider parameter values appropriate for coronal loops. In Nakariakov et al. (1999) a tube with length 2L = 130 Mm, diameter 2b = 1 Mm was observed, a density ratio ρ l /ρ c ≈ 10 was assumed and the resulting observed period was T = 4.27 min with an exponential decay with a damping time τ = 14.5 min. This gives the value b/L = 0.015; using the coronal particle number n p = 5 × 10 14 m −3 and a magnetic field strength B 0 = 10 G, we derive the coronal Alfvén speed c Ac = 2.8 × 10 12 B 0 n −1/2 p = 1252 km s −1 . The resulting frequencies, periods and damping times of leaky modes are presented in Table 1 . The higher leaky modes have a damping time of the same order, but a much higher frequency (a lower period). Notice that these modes have periods that are too short to be detected by TRACE (although they may have been reported in eclipse measurements by Katsiyannis et al. 2003) and are also rapidly attenuated by leakage. For trapped modes with higher order n, the periods are those given in Table 1 divided by (n + 1) (see Eq. (19)), so modes with shorter wavelength along the loop have smaller periods than those shown in this table. On the other hand, the real and imaginary parts of the frequency of leaky modes for n ≥ 1 take very similar values for fixed m and l. This is apparent in Fig. 2 , in which the frequencies of modes with different values of n almost overlap, a trend found also for the real part of the frequencies of the leaky modes (Fig. 5) . It is important to remark that the fundamental modes with m ≥ 1 are trapped, and have a frequency ω r L/c Ac ≈ (c k /c Ac )π(n + 1) and a period T ≈ 8.12/(n + 1) min; they are not damped in this model. The first mode was used in Nakariakov & Ofman (2001) to deduce the magnetic field strength B 0 = 13 ± 9 G, compared to the value used in the present paper (B 0 = 10 G).
Effects of a chromospheric layer on the trapped modes
In previous sections it has been made clear that for the homogeneous flux tube of Fig. 1 the wavenumber in the z-direction, κ, is quantized (Eq. (11)) and that for each family of solutions sharing the same n, a different cut-off frequency is found. However, Díaz et al. (2002) pointed out that the addition of structure along the magnetic field modifies this result, since modes with the same symmetry become mixed and the cutoff is just the lowest one (ω cut L/c Ac = π/2 for even modes, ω cut L/c Ac = π for the odd ones).
The equilibrium structure and properties of coronal loops are still being investigated, but it is clear that there is some inhomogeneity along the loop: the chromospheric layer near the photosphere (see Fig. 6 for the simplified model used here). The coronal parameters used in the previous section are again used here (2L = 130 Mm, 2b = 1 Mm and ρ l /ρ c = 10); for the chromospheric layer a typical height H ch = 5 Mm and density ratio ρ ch /ρ c = 200 are used. Therefore, we next study how the modes described in Sect. 3 are modified when this structure is taken into account. The problem can be solved using the techniques developed in Díaz et al. (2002) . Separation of variables is used to find solutions to Eqs. (1) and (2), but now Fig. 5. Variation of a) , c) and e) the real part and b), d) and f) the imaginary part of the dimensionless frequency with the tube radius for n = 0 even modes. The flux tube to coronal density ratio is ρ l /ρ c = 10. The cut-off frequency is marked with a horizontal long dashed line. Panels a) and b) correspond to the sausage modes, panels c) and d) to the kink ones and panels e) and f) to the first fluting ones (m = 2). In the plots of the real part a solid line denotes a trapped mode (see Fig. 3 ), while in the plots of the imaginary part only the values different from zero are plotted. Notice that when a mode becomes leaky (i.e. when its ω r surpasses the cut-off frequency) the imaginary part of its frequency is shown in the corresponding panel to the right. the solutions cannot have a simple z-dependence like that in Eq. (3) and must consist instead of a sum of all the possible basis functions h(z). Moreover, to match the solutions at x = b the Sturm-Liouville theorem must be used to expand the inner basis functions in terms of the outer ones, leading to a system of algebraic equations for the amplitude coefficients, which constitutes the dispersion relation.
The resulting dispersion frequencies of trapped modes are plotted in Fig. 7 as a function of the loop radius. For a typical value b/L = 0.015, sausage modes are leaky (this is true even for much larger values of b/L). In addition, there are only two trapped kink and two trapped fluting (m = 2, but also m > 2, not shown here) modes, which correspond to the waves of the homogeneous tube (Sect. 3 with n = 0 and n = 1 and frequencies ω r L/c Ac ≈ (c k /c Ac )(n + 1)π/2). The other m = 1 and m = 2 modes with n ≥ 2 are above the new common cut-off frequency, ω cut L/c Ac = π/2, so they all are leaky. However, due to the chromospheric structure the two remaining trapped modes do not correspond to a single n but have contributions from the basis functions for all values of n. The frequencies and periods for the kink modes are summarized in Table 2 for the same coronal density and magnetic field strength considered in Sect. 4. The periods of the n = 0 and n = 1 kink modes are only slightly modified by the presence of the chromospheric layers, so the most important result is that the higher order modes become leaky (though we have not determined their frequencies and damping times). As noted in Sect. 4, these damping times can be quite small, perhaps preventing these modes from being detected, whereas for the homogeneous tube they are non-leaky and thus detectable in principle.
The dependence of the modes on the two new parameters, H ch /L and ρ ch /ρ c , is represented in Fig. 8 . Notice that the frequency of the fundamental mode is almost insensitive to these parameters, but the harmonics strongly depend on them (and can even become leaky for some values). Table 2 shows and important difference between the period of the homogeneous loop and the loop with a chromospheric layer, in particular for the n = 1 kink mode. A possible origin for this difference could be that the dense chromospheric material does not oscillate appreciably, so that the loop has an "effective" length 2(L − H ch ) instead of 2L. The frequency of a homogeneous tube with this length is also represented in Fig. 8b by a dashed line. The discrepancy between the solid and dashed lines in this figure proves that the shift in the period is not caused by a reduction in the "effective" length of field lines, but by the modification in the spatial profile of perturbations induced by the chromospheric layer.
Conclusions
The oscillations of coronal flux tubes with line-tying boundary conditions at the photospheric footpoints have been studied for a low beta plasma. A rich array of modes, trapped and leaky, have been classified, focusing on their frequency and spatial structure. We have also made some comparisons of our results with current observational data. The line-tying boundary conditions introduce some important differences from the classical results for unlimited flux tubes (Edwin & Roberts 1983 ):
1. The introduction of line-tying adds a new characteristic length and a quantization (n) in the direction along the flux tube. The plots of the dispersion relation display these features a well as the quantizations in the azimuthal (m) and radial (l) directions. 2. In a straight and uniform magnetic cylinder, for values of length, thickness and density of the flux tube in accordance with observations, sausage modes (m = 0) are leaky since their frequency lies above the cut-off frequency. If a sausage mode is excited in the loop, its energy is quickly transferred to the coronal environment and the oscillation dies out. For all other modes (m > 0) at least the fundamental mode lies below the cut-off frequency. Hence, if any of these modes is excited the oscillatory energy in the loop plasma does not decay. Moreover, as the density ratio between the loop and the coronal medium (ρ l /ρ c ) is increased, the frequency of other harmonics may move below the cut-off and so a dense loop may support a higher number of oscillatory modes. 3. Leaky modes have very short periods and short damping times. If these modes were excited, their energy would be quickly pumped out to the corona, making them difficult to detect (a high cadence would be necessary). Their strong attenuation would also lower their amplitude below the noise level in just a few oscillations. 4. The modes of a homogeneous flux tube with higher values of n, i.e. shorter wavelength along the loop, have periods T = T 0 /(n + 1), where T 0 is the period of the mode with the same numbers l and m, but with n = 0. These modes could be detected, since their period is still in the range of the fundamental one and current spatial resolution is high enough. Observational data should contain signatures of these higher harmonics. 5. Currently available observational data does not usually show such short period modes. The suggested explanation is that if some structure is added to the model (for example, the chromospheric layers), the modes having the same m and l are combined to satisfy the MHD boundary conditions on the loop-corona interface. Under such conditions, all the higher order modes become leaky and therefore undetectable in current observations. 6. Typical calculated periods are in the range of the observational data, so we are encouraged to develop more complicated models. The results can be applied to calculate various equilibrium parameters from observations of the oscillatory properties, but the model needs to be refined first. The obvious next step would be to use a more accurate equilibrium profile than that with a simple chromospheric layer. This work is a first step towards such studies.
In summary, it has been shown that in a straight and homogeneous cylindrical flux tube there is a rich spectrum of MHD fast modes and there should be observational signatures of the excitation of higher order harmonics. Here we have also considered the addition of the chromospheric structure at the base of the loop and our results are that these modes become leaky. Leakage can be quite efficient in damping the oscillations for many of these high frequency (compared to fundamental) modes, but the detailed study of this effect is left for further work. Additionally, we are fully aware of the number of assumptions and simplifications that have been made. As we pointed out in the introduction, there are a number of effects, such as non-homogeneities, curvature or dropping the zero-beta plasma assumption, that may have a relevant role in the oscillations of coronal loops, but we regard our results as a first step towards a better understanding of the complex array of modes supported by these structures. 
